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We present a new and simple (1+ ε)-spanner of size O (n/ε2) for a set of n points in the
plane, which can be maintained eﬃciently as the points move. Assuming the trajectories
of the points can be described by polynomials whose degrees are at most s, the number
of topological changes to the spanner is O ((n/ε2) ·λs+2(n)), and at each event the spanner
can be updated in O (1) time.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
A geometric network on a set P of n points in d-dimensional space is an undirected weighted graph G(P , E) with vertex
set P whose edges are straight-line segments connecting pairs of points in P . The weight of an edge (p,q) in a geometric
network is equal to the distance between p and q. Often the space considered is the Euclidean plane, but other metrics
and/or higher dimensions can be considered as well. Geometric networks naturally model many real-life networks, such
as road networks, telecommunication networks, and so on. When designing a network for a given set P of points, several
criteria can be taken into account. In particular, in many applications it is important to ensure a fast connection between
every pair of points in P . For this it would be ideal to have a direct connection between every pair of points—the network
would then be a complete graph—but in most applications this is unacceptable due to the high costs. This leads to the
concept of spanners, as deﬁned next.
For a geometric graph G(P , E) and two points p,q ∈ P , we use dG(p,q) to denote their distance in the graph, that is,
the length of the (weighted) shortest path between them. We say that G is a (geometric) t-spanner for P if dG(p,q) t · |pq|
for all pairs of points p,q ∈ P , where |pq| denotes the length of the segment pq. The dilation, or stretch factor, of G is the
minimum t for which G is a t-spanner. Since their introduction by Chew [3] and by Peleg and Ullman [19]—in the latter
paper, spanners were deﬁned in a more general graph-theoretic setting—about two decades ago, spanners have been studied
extensively: numerous papers on the topic have been written, including several surveys [8,11,21,22], and just recently a book
devoted solely to geometric spanners was published [18].
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The main question is whether spanners exist that have a small stretch factor and a small number of edges. Ideally, one
would like to be able to construct, for any given constant ε > 0, a spanner of stretch factor 1 + ε and with O (n) edges
(where the constant in the O (n) bound on number of edges will depend on ε). Other desirable properties of a spanner are
for example that the total weight of the edges is small, or that the maximum degree is low. As it turns out, such spanners
do indeed exist and they can be constructed in O (n logn): for any set P of n points in the plane there exists a (1 + ε)-
spanner with O (n/ε2) edges, constant degree, and whose total weight is O (wt(MST(P ))), where wt(MST(P )) is the weight
of a minimum spanning tree of P [12,18]. Other variants consider spanners for points among obstacles [7], fault-tolerant
spanners [1,6] or plane spanners [3].
Despite the large number of papers dealing with geometric spanners, two fundamental problems remained unsolved:
how to maintain (1+ ε)-spanners dynamically and how to maintain (1+ ε)-spanners kinetically.
In the dynamic setting, one wants to maintain the spanner under insertions and deletions of points in P . The dynamic
case has been studied intensively the last few years and very recently Gottlieb and Roditty [10] obtained a breakthrough
by presenting a (1 + ε)-spanner of size n/εO () with logn
εO ()
update time, for n points in a metric space with doubling
dimension . Note that the d-dimensional Euclidean space has doubling dimension Θ(d).
Unfortunately, the kinetic setting is much further from being resolved. In this setting, the points in P move continuously.
This means that at certain moments in time the spanner needs to be updated, in order to guarantee it remains a (1 + ε)-
spanner at all times. Following standard terminology for kinetic data structures [13,14] we call these moments events. The
goal now is to design the spanner in such a way that the number of events is small (under certain assumptions on the
point trajectories). Ideally, the number of events should be close to the minimum number of events needed to maintain the
structure of interest. For spanners this means the goal is O (n2) events, as there are sets of n linearly moving points in the
plane for which any (1+ ε)-spanner must process Ω(n2/(1+ ε)2) events [9]. Moreover, the response time—the time needed
for an update when an event happens—should be small, ideally polylogarithmic.
Gao et al. [9] showed how to maintain a (1 + ε)-spanner of moving points in Rd . Their spanner has size O (n/εd).
Unfortunately, both the number of events and the response time depend on the spread of P , which is the ratio ρ of
the maximum pairwise distance to the minimum pairwise distance of points in P : the number of changes is O (n2 logρ),
assuming the points follow low-degree algebraic trajectories, and the time needed to update the spanner at such an event
is O (logρ/εd).
One may also try to develop a kinetic spanner based on the dynamic spanner of Gottlieb and Roditty [10]. The idea would
be that, whenever the spanner is invalidated due to the point movements, the points causing the problem are deleted and
re-inserted at their new positions. It is unclear, however, how to eﬃciently detect these events and it is also unclear what
the worst-case number of events would be.
For points in the plane, one possible alternative is to maintain the Delaunay triangulation of the point set in the L1-
metric. This gives a spanner that undergoes O (n2 ·α(n)) events for linearly moving points, as shown by Chew [4]. However,
the stretch factor of the spanner is
√
10 [3]. One may also use the Delaunay triangulation in the Euclidean metric, giv-
ing a 2.42-spanner [17]. The best known bound on the number of events for the (Euclidean) Delaunay triangulation is
O (n2 · λs(n)) [2], assuming that the trajectories are described by polynomials of maximum degree s. (Here λs(n) denotes
the maximum length of a (n, s)-Davenport–Schinzel sequence [20].) The latter result can be extended to environments with
obstacles [16].
Thus the main question for kinetic spanners is still unanswered: is there a kinetic (1 + ε)-spanner with close to a
quadratic number of events and polylogarithmic response time?
We answer this question for points in the plane: we present a kinetic (1 + ε)-spanner of size O (n/ε2) that processes
O ((n/ε2) · λs+2(n)) events in the worst case, assuming the trajectories of the points can be described by polynomials
whose degrees are at most s, and that has only O (1) response time. (The response time does not include the O (logn)
event-scheduling time which is always needed in a kinetic data structure.) Our result uses a new spanner—we call it the
diamond-Delaunay spanner—which is surprisingly simple in its construction, its analysis, and its kinetic maintenance.
2. The spanner
Let P be a set of n points in the plane, and let ε be a given positive constant. We will ﬁrst present our new algorithm
to construct a spanner for P , then we analyze its spanning ratio and size, and ﬁnally we will show how to maintain the
spanner when the points in P move continuously.
2.1. The construction
Our spanner construction is quite simple. We deﬁne a collection D of O (1/ε2) thin diamonds, which are rotated copies
of some ﬁxed diamond 0. Each diamond induces a convex distance function, and we compute the Delaunay triangulation
of the point set P with respect to this distance function. The spanner is then the union of these Delaunay triangulations.
Next we make this idea precise.
We ﬁrst deﬁne the diamond 0. Fix an angle φ; we will in Section 2.2 see how to choose φ as a function of ε to get
a (1 + ε)-spanner. Now 0 is the diamond centered at the origin whose diagonals are parallel to the x- and the y-axis,
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Fig. 2. Illustration for the proof of Lemma 1.
respectively, whose leftmost and rightmost vertices have angle φ, and whose horizontal diagonal has length 2. We call the
longer diagonal of 0—which will be the horizontal one—its main diagonal.
Next we deﬁne the collection D of rotated diamonds. Let ϕ := 2π/k, where k is an integer; the exact value of ϕ depends
on ε and will be determined in Section 2.2. For an integer i > 0 we let i denote the diamond 0 rotated around the origin
over an angle i · ϕ in counterclockwise direction—see Fig. 1(a). We set D := {i: 0 i < k}.
Each diamond i ∈ D deﬁnes a convex distance function di : R2 × R2 → R in the usual way and as explained next.
Consider two points p,q ∈ R2. Translate i such that its center is p, and consider scaling i with respect to p. Then
di(p,q) is equal to the scale factor for which q is on the boundary of i—see Fig. 1(b). Since i is centrally symmetric, di
is indeed a distance function [15]. Note that i plays the role of the unit disk for the distance function di . We will call any
translated and scaled copy of i an i-diamond.
Because di is a distance function, we can construct Voronoi diagrams and Delaunay triangulations based on it [5]. We
denote the Delaunay triangulation4 of the point set P based on di by DT i(P ). Thus for two points p,q ∈ P the edge (p,q)
is an edge in DT i(P ) if and only if there is an i-diamond with p and q on its boundary that does not contain any other
point from P (either inside or on its boundary). Our spanner S(P ) is the union of the Delaunay triangulations DT i for
0 i < k. In other words, (p,q) is an edge in S(P ) if and only if it is an edge in DT i for some 0 i < k. We call S(P ) the
diamond-Delaunay spanner of P .
2.2. Analysis of the spanning ratio
Next we prove that S(P ) is a (1+ ε)-spanner for P if we choose φ and ϕ in such a way that (cosφ − sinφ) 1/(1+ ε)
and (sin(φ/2)/ sin(ϕ/2))  1 + 2/ε. This can be achieved by setting φ := arcsin ε2(1+ε) and ϕ := 2arcsin ε
2
4(1+ε)(2+ε) . Our
proof is based on the following lemma (see Fig. 2(a)).
Lemma 1. Let  be a 0-diamond. Let p be the leftmost vertex of  and let q be a point on the boundary of  such that the angle that
pq makes with’s main diagonal is at most ϕ/2. Then for any point r ∈ we have
|pr| + (1+ ε) · |rq| (1+ ε) · |pq|.
Proof. If r lies to the right of q then we can argue as follows. Let z be the rightmost vertex of . We have |pr| |pz| and
|qr| |qz| (since φ < π/2) and also  qpz ϕ/2—see Fig. 2(a). Hence,
|pr| + (1+ ε) · |rq| |pz| + (1+ ε) · |zq|
 |pq| ·
(
1+ sin(ϕ/2)
sin(φ/2)
+ (1+ ε) · sin(ϕ/2)
sin(φ/2)
)
= |pq| ·
(
1+ (2+ ε) · sin(ϕ/2)
sin(φ/2)
)
4 Since di is not the Euclidean distance, the Delaunay triangulation is not a triangulation of the convex hull but of a different “hull”—see also Section 2.3.
Moreover, like for the Euclidean distance function the bounded faces need not be triangles in degenerate cases.
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(
1+ 2+ ε
1+ 2/ε
)
= (1+ ε) · |pq|.
Otherwise, if r does not lie to the right of q then we have a cone with apex p and opening angle φ containing q and r,
with r being closer to p than q—see Fig. 2(b)—and the analysis becomes similar to the analysis for θ -graphs. Let r′ be the
orthogonal projection of r onto pq. Because |pq| is the longest edge in the triangle pqr, we have
|rq| |rr′| + |r′q| = |rr′| + (|pq| − |pr′|) (|pq| − (cos  qpr − sin  qpr)|pr|).
Since  qpr  φ and φ = arcsin ε2(1+ε) < arcsin 12 = π6 , we thus have
|pr| + (1+ ε)|rq| |pr| + (1+ ε)(|pq| − (cosφ − sinφ)|pr|) (1+ ε) · |pq|. 
Deﬁne a (1+ ε)-path from a point p ∈ P to a point q ∈ P as a path from p to q in S(P ) of length at most (1+ ε) · |pq|.
Lemma 1 implies that concatenating the edge pr and a (1+ ε)-path from r to q yields a (1+ ε)-path from p to q. We shall
use this to show by induction that we have a (1+ ε)-path between every pair of points.
Theorem 2. The diamond-Delaunay spanner S(P ) is a (1+ ε)-spanner for P of size O (n/ε2).
Proof. To bound the stretch factor of S(P ), we must show that for any pair of points (p,q) ∈ P × P there is a (1+ ε)-path
from p to q in S(P ). We prove this by induction on |pq|. For a pair (p,q), we let α(p,q) denote the angle that −→pq makes
with the positive x-axis.
Base case: Let (p,q) be a Euclidean closest pair in P . Let i ∈ {0, . . . ,k− 1} be such that |α(p,q)− i ·ϕ| is minimized. Assume
without loss of generality that i = 0. Let  be the 0-diamond with p as its left vertex and with q on its boundary. Note that
q must lie on an edge of  not incident to p, which implies that |qr| < |pq| for any point r ∈ . Since (p,q) is a closest
pair, this means  cannot contain any other point from P . Hence, (p,q) is an edge in DT 0(P ). This proves the base case.
Induction step: Consider a pair (p,q) that is not a closest pair. The induction hypothesis then states that for every pair (s, t)
in P with |st| < |pq| there exists a path in S(P ) of length at most (1+ ε) · |st|. As in the base case, we assume without loss
of generality that |α(p,q) − i · ϕ| is minimized for i = 0.
Place a small 0-diamond  with its leftmost vertex at p that does not contain any other point from P . Grow  while
keeping p as its leftmost vertex (and such that  remains a 0-diamond) until  hits some point r ∈ P . By construction
there is a 0-diamond with p and r on its boundary that does not contain any other point from P . This means that (p, r) is
an edge in DT 0(P ) and, hence, in S(P ). (If  hits several points simultaneously then p must have an edge to at least one
of them, and the argument still goes through.) So if r = q we are done. Otherwise we argue as follows.
Continue to grow , until  hits q. Note that q lies on an edge of  not incident to p and that r ∈. Hence, |rq| < |pq|.
We can therefore apply the induction hypothesis and conclude that we have a (1+ ε)-path in S(P ) from r to q. Moreover,
we have an edge from p to r in S(P ). Since |α(p,q)− i ·ϕ| is minimized for i = 0, the vector −→pq makes an angle of at most
ϕ/2 with the main diagonal. Hence, we can apply Lemma 1. This ﬁnishes the proof that the stretch factor is 1+ ε.
To bound the size of S(P ) we note that each DT i(P ) is a plane graph [3] and therefore has at most 3n− 6 edges. Since
|D| = 2πϕ and ϕ = 2arcsin ε
2
4(1+ε)(2+ε) , we get |S(P )| = O (n/ε2). 
2.3. Kinetic maintenance of the spanner
Chew [4] has shown that the number of topological changes in the Delaunay triangulation in the L1-metric of linearly
moving points is O (n2α(n)). As already observed by Chew, the same bound holds for other convex polygonal distance
functions such as our distance functions di . (In fact, di is equivalent to the L1-metric after applying an appropriate trans-
formation.) His proof also applies when the points follow algebraic trajectories of maximum degree s. The bound on the
number of events then becomes O (nλs+2(n)). Since the diamond-Delaunay spanner consists of O (1/ε2) diamond-Delaunay
triangulations, the number of events for the spanner is O ((n/ε2) · λs+2(n)).
To maintain the spanner when the points move we only have to maintain the Delaunay triangulations DT i(P ). As
already observed by Karavelas and Guibas [16], maintaining Delaunay triangulations is quite easy; the fact that our Delaunay
triangulations are deﬁned with respect to the convex distance functions di does not change much. For completeness we
describe below how the maintenance is done; see also the paper by Chew [4] for more details on the structure of the
Delaunay triangulation in the L1-metric of moving points. For simplicity we assume that degeneracies only occur at events.
In particular, we assume that in between events there are no four points in P on the boundary of a common i-diamond.
When using the normal Euclidean distance, the Delaunay triangulation of a point set P is a triangulation of the convex
hull of P . For DT i(P ) something similar holds, except that now the notion of a hull is different, as explained next.
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diamond certifying a hull edge and (c) showing the empty cone certifying a none-hull edge.
Each vertex v of an i-diamond  deﬁnes a cone with apex v , by extending the two edges incident to v to half-lines.
We call such cones i-cones—see Fig. 3(a). Now a point p ∈ P is a vertex of the di-hull of P if and only if there is an i-cone
with apex p that does not contain any other point from P , and a pair of points (p,q) forms a hull edge if and only if there
is an i-cone with p and q on its boundary that does not contain any other point from P . The di-hull of P is connected
and outerplanar (that is, every vertex of the di-hull is on the outer face). Hence, the di-hull partitions the plane into one
unbounded face, and a set of bounded faces. Each bounded face is bounded by a simple cycle. The Delaunay triangulation
DT i(P ) consists of the di-hull and a triangulation of its bounded faces by interior edges—see Fig. 3(b).
Now suppose the points start to move. When does the Delaunay triangulation DT i(P ) change? To detect such changes
we have two types of certiﬁcates, one for the hull edges and one for the interior edges of DT i(P ). Next we describe these
two certiﬁcates, and discuss what needs to be done when they fail.
Interior-edge certiﬁcates: In between events, every interior edge (p,q) is incident to two triangles. Let r and s be the two
other vertices of these two triangles. We maintain a NotInDiamond certiﬁcate certifying that s is outside the unique
i-diamond passing through p,q, r, as shown in Fig. 3(b). When this certiﬁcate fails we perform an edge ﬂip: we replace
(p,q) by (r, s).
Hull-edge certiﬁcates: Every hull-edge (p,q) is incident to at most one triangle and incident to at most four other hull edges.
Let r be the third vertex of this triangle (if it exists) and let s1, . . . , sk be the other endpoints of the hull edges incident
to (p,q), where k  4 denotes the number of incident hull edges—see Fig. 3(c). (It could be that r is one of the si .) We
maintain at most ﬁve NotInCone certiﬁcates certifying that r and s1, . . . , sk are outside the unique i-cone passing through
p and q and not containing any other points. When a NotInCone certiﬁcate fails5 we either insert or delete a vertex from
the di-hull. Note that when this happens we should also delete or insert an edge into the triangulation.
Thus, whenever an interior-edge certiﬁcate or a hull-edge certiﬁcate fails we can update the spanner in O (1) time.
Since we also have to schedule the failure times of the events in an event queue to be able to handle them in the correct
chronological order, the total event handling time is O (logn). We get the following theorem.
Theorem 3. The diamond-Delaunay spanner of a set of n points in the plane can be maintained kinetically in O (1) time per event,
plus O (logn) time to update the event queue. When the points follow algebraic trajectories of maximum degree s, then the number of
events is O (nλs+2(n)).
Combining this result with Theorem 2 we obtain our main result.
Corollary 4. Let P be a set of n points moving in the plane, and ε > 0 be a given parameter. Then we can kinetically maintain a
(1+ ε)-spanner for P such that
(i) the number of edges of the spanner is O (n/ε2) at all times;
(ii) the maintenance cost is O (1) time per event, plus O (logn) time to update the event queue;
(iii) when the points follow algebraic trajectories of maximum degree s, then the number of events is O (nλs+2(n)).
3. Concluding remarks
We have presented a new (1+ ε)-spanner, the diamond-Delaunay spanner, for a set of points in the plane. Our spanner
has size O (n/ε2) and can easily be maintained as the points move. The number of events almost matches the Ω(n2) lower
5 An alternative approach is to maintain two sorted lists of the points in P , one ordered according to the projections onto a line orthogonal to one side
of an i-diamond and another ordered according to the projections onto a line orthogonal to a second (non-parallel) side. It is easy to see that every change
in di -hull corresponds to a change in one of the two sorted lists. We could also get rid of the hull-edge certiﬁcates all together, by adding four points at
inﬁnity that form a square containing all the points from P ; then the hull edges become interior edges.
256 M.A. Abam et al. / Computational Geometry 43 (2010) 251–256bound from Gao et al. [9], and each event can be handled in O (1) time (plus O (logn) to update the event queue). This is
the ﬁrst kinetic (1+ ε)-spanner for which the number of events and the response time do not depend on the spread of the
point set.
Unfortunately our approach does not generalize to higher dimensions, because there the Delaunay triangulation can
have a quadratic number of edges. Another direction for further research is to develop an eﬃcient and responsive kinetic
(1+ ε)-spanner in the plane whose total weight is O (wt(MST(P ))) and/or in which every point has small degree.
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